Abstract. The present paper deals with the compound nonlinear congruential method for generating uniform pseudorandom numbers, which has been introduced recently. Equidistribution properties of the generated sequences over parts of the period are studied, based on the discrepancy of the corresponding point sets. Upper and lower bounds for the average value of these discrepancies are established, which are essentially best possible. These results show that the average equidistribution behavior of compound nonlinear congruential pseudorandom numbers fits well the equidistribution properties of true random numbers. The method of proof relies heavily on estimates of the average value of incomplete exponential sums.
Introduction
Several nonlinear methods of generating uniform pseudorandom numbers in the interval [0, 1) have been introduced and studied during the last years. The development of this field of research is described in the survey articles [2, 5, 10, 11, 13] and in Niederreiter's excellent monograph [12] . A particularly attractive approach is the general nonlinear congruential method. The generated sequences of pseudorandom numbers have nice equidistribution and statistical independence properties [3, 8, 9] . Recently, the following compound version of this method, which shows additional computational advantages, has been introduced and analyzed in [4, 6, 7] .
Let p 1 , . . . , p r ≥ 5 be arbitrary distinct primes. For 1 ≤ i ≤ r identify Z pi = {0, 1, . . . , p i − 1} with the finite field of order p i . Let f i : Z → Z pi be a permutation polynomial of Z pi and let (x
be the corresponding stream of (ordinary) nonlinear congruential pseudorandom numbers. A sequence (x n ) n≥0 of compound nonlinear congruential pseudorandom numbers in the interval [0, 1) is defined by
n (mod 1), n≥0.
Since the primes p 1 , . . . , p r are distinct and f 1 , . . . , f r are permutation polynomials, the sequence (x n ) n≥0 is purely periodic with period length m = p 1 · · · p r , and n ) n≥0 of (ordinary) nonlinear congruential pseudorandom numbers can be allocated to r parallel processors.
Equidistribution properties of the sequence (x n ) n≥0 can be analyzed based on the discrepancy of its first N terms. The discrepancy of N arbitrary points t 0 , t 1 , . . . , 
will be used. The present paper deals with the average equidistribution behavior of compound nonlinear congruential pseudorandom numbers. In the third section, upper and lower bounds for the average value of the discrepancy D N ;f1,... ,fr are established. A detailed discussion of these results is given in the fourth section. The second section contains several auxiliary results.
Auxiliary results
First, some further notation is necessary. For an integer q ≥ 2, let C(q) be the set of all nonzero integers h with −q/2 < h ≤ q/2 and define r(h, q) = q sin(π|h|/q) for h ∈ C(q). For real t, the abbreviation e(t) = e 2πit is used. The following three results can be deduced from [12, Theorem 3.10 and 
Lemma 2. The discrepancy of N arbitrary points
for any nonzero integer h. Lemma 3. Let q ≥ 2 be an integer. Then
Later on, Hölder's inequality will be used in the following form.
Lemma 4. Let a 1 , a 2 , . . . , a q be q arbitrary real numbers. Then
Proof. First, observe that a
Hence, Hölder's inequality (with u = 3/2 and v = 3) implies that
, which yields the desired result.
In the following, let Z * pi = Z pi \{0} for 1 ≤ i ≤ r, and let m I = i∈I p i for subsets
where
, where x means the greatest integer less than or equal to x. Then
which is the desired result.
The following result is the special case s = 1 of [7, Lemma 6] .
Proof. It follows at once from the proof of Lemma 5 that, for r = 1 and h = 1, equality holds in Lemma 5. This yields the desired result.
and 
and the desired result follows.
where the summation is extended over all permutation polynomials
Proof. For any z ∈ Z b with b ≥ 5 and (fixed) integers k, l, h, n, let A b (z) be the number of permutation polynomials f :
which implies that
Hence,
where the summation over J 1 , J 2 , J 3 is extended over all partitions {J 1 , J 2 , J 3 } of {1, . . . , r}. Now, Lemma 8 can be used in order to obtain 
Proof. It follows from the proof of Lemma 9 that
Main results

Theorem 1. Let 1 ≤ N < m. Then the average value of the discrepancy
Proof. First, Lemma 1 is applied with q = m and t n = x n for 0 ≤ n < N. This yields
where the penultimate step follows from Schwarz's inequality. Now, Lemma 5 can be used in order to obtain 1
Hence, it follows from Lemma 3 that
which yields the desired result. Proof. First, Lemma 2 is applied with t n = x n for 0 ≤ n < N and h = 1. This yields
where the last inequality follows from Lemma 4. Finally, Lemmas 6 and 9 can be used in order to obtain
which completes the proof. 
Proof. The desired estimate follows as in the proof of Theorem 3, where Lemmas 7 and 10 are used instead of Lemmas 6 and 9, respectively.
Discussion
First, note that the results of the present paper apply for the ordinary nonlinear congruential method (r = 1) as well as for the compound method (r ≥ 2). In the following, let the number r of prime factors of m be fixed. Then Theorem 1 shows that for any permutation polynomials g 1 , . . . , g r the discrepancy D N ;γ1g1,... ,γrgr , on the average over γ 1 , . . . , γ r , has an order of magnitude at most N −1/2 (1 − N/m) 1/2 log m. If N is not too large, this result is basically in accordance with the law of the iterated logarithm for the discrepancy of N true random numbers from [0, 1), which is almost always of the order of magnitude N −1/2 (log log N ) 1/2 (cf. [1] ). Of course, the upper bound in Theorem 1 remains valid for the average value of the discrepancy D N ;f1,... ,fr over all permutation polynomials f 1 , . . . , f r . Theorem 2 provides even more information, since it implies that for any permutation polynomials g 1 , . . . , g r only an arbitrarily small percentage of the parameters γ 1 , . . . , γ r may lead to a discrepancy D N ;γ1g1,... ,γrgr of an order of magnitude greater than N −1/2 (1 − N/m) 1/2 log m. On the other hand, Theorem 3 shows that the average value of the discrepancy D N ;f1,... ,fr over all permutation polynomials f 1 , . . . , f r is of an order of magnitude at least N −1/2 , provided N is not too large, which implies that the upper bound in Theorem 1 is in general best possible up to the logarithmic factor. Finally, Theorem 4 yields a slightly improved version of the lower bound in case of the ordinary nonlinear congruential method.
